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↳ Sidesanade 3/borcise
I ⑧ -

- ⑧--S'S' S'⑭ S'S'

↳ -
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①
-

abelian group under I

tx = On (graded) commutative

ring under
X .

Lea : Study (structures a) manfolds
via more computableunvariants

-Manifolds ->2
"gaus"
Ex

with structure -

11

group G rig hanomorphism

(eg. So , Spr ,u)



Example : ":So-c
U

&
(Spin(n) S0(n) ↑ (Aty , * = 4 +8k

Spuyahk S
S

* = 0 + 8h

2 1/2 A = 1 , 2 +86

Index ofDirac operator - ( O ,
else

(Atiyak-Singer index thm)J

II m : (Lichnerowicz63 , Hitchu'74 , Gromov-Lawson 180 , Stolz'92)
-

I A suply connected son manfold M,
du (M) 35,

admits a metre with positive scalar curvature

↳> x(M) = 0

Example · < (59) = 0 but I spu manfold
-

29S9 with < 12% * 0 E 4/2

To prove such a theore
,
need more structure

than just a genus &
*
-> Ex ·

Seren(stable homotopy theory (

Su 2
"Generalized

x

"Spaces/dmusion cohomology/homology
theories 7)

22 23

linear homotopy
(Spaces , x)[ER3-1] invariants of spaces .



X space #
*

cohomology thy
= suspension specti

E
*(x) = [X , E(n)]

·

Map(S!, X (
[PX X E(1)

SinX E = E(%)0 ESi X

Specta have labelin) homotopy groups :

E = MxE = my +bE(k)(bx0)
--

#ouspec
a

O(n) "compatible"

=> universal rank N
EGCul *Gil

rector bundle VGin, = ( ↓ (
BG(n)

Thom space MG(n) = Thom (rocul)
(Commutative ring)

=> spectru MG = [MG(u)3mo

Portryaga-thanTheoren/philosophy:-

MGX = r
MGx(X) = EmaX3/[ MG* (X) =GM- 53/



De :Autatorofais[ spectrum
MG -> R

↳
Takey homotopy groups gives a gens

i. e . bordse uvarant

↳ provides Thou sonorphins

R
*(X)=R

*+rbV(V)
for restor bundle V-X with Gestructure .

ExamplesD Forulative MSO-HL-HIR.-

↳ Mon X FIR => Suf ER
↳ "fundamental class" MSOx(X) - Ha(X<7)
↳ orted rector budles have thou classes.

② Mo- H4/2 ↑

↳ all manfolds have a fundamental class mod 2
:

TopologicalK-theory
A = 1

,
I (more greally , a CF-algebra

= spectru K(A) = KO ,
KU with

K(A)(X) = "Stable" A-reefor bundles on X.



1yah-Bott-Shapiro : Mspin-KO where
"Spu(u)@"
-

-----
1----E-

*

100 · Spur')
=
spir()Xu()

M1- > USpi- Ke 3=13

↓... Ich -
Spu(2n)

· u(n) ↓

MSO -- HI
= So(zu)

↓.... f
Mo-> H72

-

etrmingbordism spectra via orcntations

# (54) : MO = This
of homotopy grosa

Anderson-Brown-Peterson (67) :[ Mspu KO)xH/2
I#StongkU(4)XTIHT/
(#chamheSTH



&
reality : CM = /O (TEC) ·

=I .

=>rector bundle : KVD C25C acts conjugate-linearlye

↓
X3(

Ayah : KUR = K(KR) Caspectrum

underling : kur = ku
h(z

fixed pouls : KU = KO = KUR

Similarly, usus 8 5) me Mee &

-orutator MUR-KUr .

A I =Muno-Mu⑧ MUR

·Real En HMUR but it's close (transversally use

Theore : (Halladay-K) JC: - commutative rug spective

uspusie
,
lead sour barhsu ,

with

MSpin->

#f kI Ispuin)-kup
↓ ↓

MUR- Uspur- Kur



Idea : C representation V => 22 It
h D

Spin(n) Spin)
C2 Spin(V) xU(l) =: Spiri(V)

EIB

Miln) Spinne = Spiri

V=" = Cydrain conjugates the def . le bundle

of a spu-manfold
,. e . negates He fiet cher class

-

Ti
Abdullah-K) The ABP-stong splitting of MSpn

refe to a map of spectra with C2-action

MSpiniy- KURC4IF)x /2
I

Lor : Chomotopy fixed pointsS ISpuho]*
A The components MSpu-KUr4Iel] for

III odd are not maps of genune Cspectra ,

however
, we suspect they refue to genure mapsI
MSpur-Kurll , 2) .

&I
* one calculation is still being worked out.



algebras& naturality of spin orientation

Creal Sperl C* -algebra A # K(A) E ModnoSP

"I is theritual homotopy worent , seni-exact , fuctor

on CFAlg stable under-compact operators) .

"

((A) = Sa =A(a+a = aa
+
= 13

Sput(n) = Spir()XU(APCUA)
=> MSpute Moduspu(Sp) .

(let dinAso now)

Theore (Moors-K) : 7
-

MSon)(

s*Algfid .-Modusm(Sp)
-

Ha -
K Modkolsp)

pullback along ray map

usu- KoI Such that Fa : MSpu
F-K(A) is the

sou , sou& Spur ortations when A = M ,
K
,I·

e.g. this shows Mspuh-KSp is a stet

Uspu-noche map-



herexampleaMPF40
· MSDu"-ze MPin?

· MspeMube) = "MSpu-U(n)"
-

heScalar areametes de 5

(7 p .s . c . m . ) <)
Use-koz( [M] + 0 (

M Spu w/H= (M) ,
du5

i => [M , f] EMSm(BH):Uspin
map?T Bit Ais] Dan Jer

kor(BN)- k(c* )+
mapIsanBombergCone = 0)
Assembly

(Barn-Comes Carj)

↳ known for various fre groups and free & free

abehan groups .

known to be false for some

infule groups. Still open for general fule groups.


