
What is...

A G-Spectrum!



2 - 13 - 24 G-Spectral
Thisball : Formulate stable equivariant category.
Talk Streubure :

I
.
What Should G-spectra even be!
2 .
) Samutal, GuitaPeen
-"cam upgrade notion to diagram spectra

3)
. Symmetric Spectra

·

sym mons: del
· Way convolation
· WE not T.

isos
:

4) Orthogonal Spectre
· ho (a) granded brown rep
· Even better symmetries.



Sequential Spectral Prespection.
Deful A prespectrum is a sequence of spaces
Xn Cot structure

maps In : EXn-Xno.

Maps of prespection cre levelwise maps commuting it structureMaps

How Ge "equivariant ifly" - Jets just give this Graction late !

Beful G-prospectrum : Seque of spacesIn lot G-actions
structure maps are 6 - eq

nivariant
.

Just like how To +T8 , can Choose maps
to be levelwise

equivariant or not.
Also called Naive G-spec / Spec we G-action

Talk done
, we defined 6-spectral

However
,
this notion of spectra does not nearly have all of the properties

we want it even has full on problems.



What do we want out of our spectiv anyways
!

For one
,
our category should be closed symmetric monoidal.

And Naive G . Spectra are very nonsymmetric monoidal

Given EXa3.[m3 Spectra we want to define
CX-YIn which could be

XueYe , KorYn , Xinyg Citjal

WXieYz , EXiriu
it 2 aren't "symmetric

,

"

it thems spent 30 pages showing it only haa3
requires many spl into a Segan monoidat the

4
, 5) have niged canonical structure maps .

In a sense ,
because 2090X = &x

,
there can be no good

smash product an sequential spectio.



How to improves Well one can reinterpret the data of
In : [xn -> Xu-1

as a diagram famator over the sphere spectrum.
following MMSS

Explicitly :

M : Category / objs (a) indexed by integers we

Hom) (n) ,
(ms1) = 8

m

".

It is symmetric monoidal of (n) (m) = Curn).

it is an excemple of a

Topological Category i Montidal categorye monoidallyenriched Over TG

E-spectrum) fore topologically enriched is a functor
X : 2 - T16

So an N-spectrum gives
us the set of Xn ,

What gives
the structure

maps:



Assume we have some E-spectrum S "generalizingthe sphere spectrum & S
.
t

.
it is monoidal, i.e. We have a naturalfrems

.

4 :S - 119(1 = 8- + - 1 and a map
X: 9

°
- S((e)

2-spectrum over SC
is a e-spectrum X it a natural transformation

T : X(1 1 S(-1 => X - # - I

5
.

6 .

Xd=Xiding Xd ~ ScielT Xde) = Xld
is ident and

-wid
Xcdi-SceinSef) > X(des-Scf)

id- x ↳ G ↓
-

XidinScef- def
Now S : M - TG

M Inc 1 - ga

isamonoidal factor
I for Xad-spectrum osa

are exactly
W : Xcmi 1 Scul = Xn ~9 " = E

*

Xm - Xmful = Xuin



Thus N To the categSo is exactly the categ ·r gorg
N specheeer

Why this lenguage!
Thu / Day Convolution
Given (2

, &c) monoidal out enriched over (v , xx( closed symmontidal , get canonical monoidal structure on Fin (e, 01, and it is

symmetric monoidal if O2 is.

F - GeFun(e , v) the CFG) = [
***

Hon(Xx, y ,
-1 * Fx * Gy

or a left ken Extension

(FHnG(-))
exe-- +

↳....( ↑ G

The for atopological category ,
this gives

aIsyal useda

What about for e-spectra over S.



What is the right action : (X(Y) (11 · Scale (Xeyscal

ideK,
1 - XeyX 24 id

-Ty-
Xusay
Frid

are two possiblemaps, ce make X-by the coequalizer ofthe tes
,

e . g. like in modules.

Note that to give maps [KsYluss > Lusylus

d d
(x-sy) 15 -> (x64)

tosummate,the twisting involved in Easy forces s e

Sec Scd1 En Scced

d G 68cts
Sadl 15 Sedi

Mark) This explains why prospective don't have a good smartproduct [T : UM) = (n> /M) - (n)(n) = Smul is the

identify While 5"-SM - SMist is not the identity :



This suggests that we should allow monidentity
morphisms in our indexing category ,

i . e . more symmetri es
!

Symmetric Category) One could repent this we
Source category E : objs [U) = Ei .., us

Hom((n)
, <n)) = En

, empty otherwise

Our famator Saize To takes Eins to As is
takes a permutation wein to the map that permutes thefactors.
This almost by defn makes 52 into a commutative amoid

, so

Symmetric G-spectra get symmetric smash product !
Problem
11

. Stable equivalences will not presence houstopy groups/mstel street weak equins * The ises

2) G-action not embelled into category.



Orthogonal spectral
"Should represent Rocas-graded can

,
theories"

just like how Brown rep suggested def ,
lets examine what

should happen.

went a neet trans

Ei( =2 E'(2 - 1
L

7

[ , El [E-, .
2

[ -

, r E ]

Yoneda givenJeis en - or equie

fu : Ee Ete

this works for i: U - HU
,
but those maps are

a bit unnatural to anyconsider categorically,
instead

,
to i. <aw we want to associate

fuw :E- A.

I needs to be some complement WIU . If they are orthogonal
reps & i is isom-embed

,
W-ice arthogonal complement is fixed



Orthogonal Cat : J , objs are ve spaces,

Homy (U ,
U1 = Ocr),

sym pred iS UW.

Given ertliogonal spectra :

Mank) since vector spaces are classified by din , Sym . Spec
can begeen asorthogonal spec at cubice of berig Cue 1T

* ] -

No wonder they are a lif ugly!
However

, we still haven't baked in ROG1-Greding!
recalltoevery iso metric embedding

a
i : Ucew

,
we went to

figt - EW .

This is adjoint to gove Home",

e . g. glove EC Homg (v , will

Thus we could also
require Hong (V,WI to "give go-foray ivcaw"

However that is exactly What Thom(8(U
, WI ; W-V) is !



Ocv
, w = steifel manifold of linear isometric enbeddings : : ~as w

W-V is a vector bundle over this space,
where (W-Uli = ↓-ich

is the orthogonal complement.

and taking the them space mades it a sphere bundle ! Thes.

Mandell May Category : fo
· Ob jests, Orthogonal fin dim G reps U S in some universe

· Homg,(VIN =Thom (8(U ,
(1 ; UV -u

W

This carries a G-action
, which is fiber wise the G-action on S

This is symmetric monoidal ,
and a shows its enriched over+?

ThisDay Comdation given sym Smash prefea
enriched fanebors.

G-action evaded in this envididuation
. To enriched over

To

Toenriched over To
so famebor Should resp this prop.



Thus we get Orthogonal G-spectral
map OCUIXE" - E given by

ECOCU
,Vl = EC Ocull

and compat could encoded in sym
mousidal struct


