
ADDEFENCE TALK : K-theory , Spin bordism ,
coherence

, and Reality-
--
&dinayKolhomology
[HA- X3 - Hu(X)]a↳ Ru(X)- H " (X)

"oriented monifold shapes in X" :

MSO (X)- Hn(X)
=> MSO - HK

& MO -> H4/2

Atyah-Bott-Shapiro (60s)
-

* (Clifford modules) -> (Topl #-theory classes (

my spectra maps/
②
-

MSpin-ko

Take MI/M+ MSpin-Kel

+ cohere + Reality



ABSConstruction
-
* I will wik

using real rotature,
P- > X = Spucu)-budle ↳everythingcan-e
w = Un-modde

*

=> $ = PYpW- X ↳
=> [Un-model -> KOV, V-0)
in LV = PYpucuIRY

thu : (AB5) X = *:
-

Y
&Mr Kos") = InKO
n30 n>,0 17,0I IS surjective & 4(W) = 0 Iff the Crimoble

Structure a W extends to Cu+ E UuQC ,

Further,
&: Mp xMq - Mp+a

& ②Mr/M QuKO of rigs.
-

For any X , n
= 8k :

=>Thon class u
,
E KOTV, V-0) = KO

*(ThNI)
.



*Coherence Refue to a full description

of KO as a spectrum/cohomology theory
Def a (Hohhold-Stolz-Teacher , Cheng) The nth topological-
-

Atiyal-Bott-Shapirolegory , Mod(Un) , has

objects : f.d . Un-modules (w/ne product)

morphisms: WoLsW
,

isonetic embeddingI withon extension of Crimodle structure or

W,Wo to UnQC- ·

Thm : (HST,C) The classifying space BMod(en)-[ represents KOV) *

↳ Not yet a spectrum/cohonology theory.

#pe : Functors?

Mod(p) xMod(a)* Mod(Up+a)
Noi Reasonable condidates for such a fructor

are not functoral.

↳ similar to Thomason's "Beware the phony
multiplication on Quilles S-1S 21



Solution Who top'l cats-> quasizategories.

Mod(n) : = NhMod(r)
Thi(K :) 7 seri-sophical maps

1 Mod(Up) xMod(Cal Mod(Upta)
given bya on objects.

:(K .) 7 commutative symmetre ray spectrum,Thu
ABS , w/ spaces given by /Mod (Cr)) &I multiplication givee by Impl , such that

ABS = KO ~

- For and son rector budl V ,
the

ABS constructure produces a then class[
Cor

Mr Korabil (th()

-

↳Reality "R+
"

= "KnB(T"

22
Mspin- Ko = Kum

Mu -> MSpi-> k = Kip

Mur Kur = KR



Thm : (Halladay-K . ) -> MSphire (Alg(Sp) ,
-

callech Real Spin bordism ,
with underlying
-

Spectrum MSpu , & a diagram in (Alg(Sp>)

MSph - KOI #L 2 12

Inspr)- kur
↓ ↓

MUR-USpin-KUR

The : SAbdallah-Halladay- K . ) #f EE Alg(Sp)-[ w/ Ed = MsputAlg(sp) & EEMSputSp
.

&ASKFOR SHORT PROOF !

> Insight Mspin
-

Thehanotopy fixed points

What do Mspu & Mspu' ever

look like ?

BadtSa(



itX, F # Ko
% (BSo)

I ↓ e

: kn%(Bso)

I = (i,
,
. . .. in) :=---i

Thm : (ABP , Stong) UI = SF I am eodd-

& (l) =i Flifts :

kolne) ku(Y(F1]
I+ ↓ & - I(

BSO - KO BSO- kU#
#
I

Will just carry Sput case on
, but smiler for Spu.

MSpin[MSpheBSpin]SF banky(4)= 1)

-> ↓
r

f kuLPIF1]

ThmilAbis) 7 ZH
*
Juson: /2) Sit .

C (vfF)v (vz)( M2pH - VRu(4/F1)vVA
IP

IS a 2-local equivalence-

All torsion in Parsput is 2-torsion

=> computes MSpint



Thm : (Abdallah-K . ) -> map in SpBC
-

[ Inspire-ku4 He/2

whose underlying map IS ABP-S's above.

Cor : - 2- local equivalence,
hCzI Cuspiri -EkuhEHE/2)4C(

= explicit description of(MSpuhz
-

Genoue referent? - (usoni)
-

How we got Bore equivalence :

BSpukunike
↓ ↑
BSO- ko(n=]

· IFI even : n== 4/1 .
V ABP

.

· III odd : n=
= 4/l)-2 :

ko(4IF1)- kurLYlDe
ABD:..- ↓ 521
BSO ko(YIE-2)-> Kur(4F-z]e



Proposition: => kur(Yn , 2) e Spa
with:

ManyI 1) &bu(4n)fiedono-

↳ ko(n)
/
&ASKFOR SHORT PROOF !

Cor m The characterstre classFz Ke (BSO)

refres to
BSO - kuRS4III) ,

111 evenI a genuine E BSO - kuRLIF1 , 2) ,
IF1 odd

-

Follow-upwale App map refre to SpS?

↳ If so
,
how far from equivalence?

(2) "Real" coherent ABS construction :

(3) Use - to model differential KUR.

(4) Real sput orientations

-

THANKS !
-


