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~

NORDISM RINGS OF MANFOLDS

* - dimensional closed

&= [manfolds with G-structure)/G-bordism
-- - ⑧-S'S' S
- - S'S'I =
-

⑧-
①

2 via#ClassicalProblem : Determine ↳ computable
Invariants

, e .g. characteristic classes/numbers·



ORIENTATIONS OF RING SPECTRA
-

mclasses : unEMGenera:2-1Ex
↳Thom isomorphisms in ↳Multiplicative bordism
E-cohomology for vector Invariants for manfolds with
bundles with "G"-structure. "G"-structure -

↳ Use presence of G-structure ↳ Use Ex to approximateAto compute EF)) .
bordism ring 2

-

Mapsof ring spectra : MG EI
↳ Pontagin-Thom construction : MG*=

Example: (Thom,54 (
unoriented bordism classes are[ MO- H1/2 ~ determined by Stiefel-Whitney numbers .



-NBORDISMAND TOPOLOGICAL K-THEORY

Ayah-Bott-Shapiro'63 : Constructed orientations

Mspin-Ko

Mspin->ke

Theore: (Anderson-Brown-Peterson '67)
-

Ko-characteristic numbers

3[i] is determined by Stiefel-Whitney numbers of is

↑Teorem: Anderson-Brown-Peterson '67, Stone68(MJESp is determed by
KU-characteristic numbers &

3Stiefel-Whitney numbers ofM
-



-NBORDISM , K-THEORY, AND REALITY

mentationswith Reality :

Mspin-Ko = (kuir)
Mu-Mspin->ke = (Ur)

MUR-F-> KUR = Atiyah's "Kie-theory66

ITheorem: (Halladay-K . 124)]C-Evring Spectrum, MSpinik , with
(1) MSpin = IMSphi, Real spin bordism
-I (2) MSPI (MSpini) ↑

(3) MURMSpinKUR
M

- Raspieorientation



FALSPIN BORDISM What is it?

-C & Spinp,9) = Spin(p+q) such that x(T on U(l)

· Spini) Spinn,0 = (Spin(n)U(l)
· U(n)- Spin(n,n)

=> The underlyingaction on MSpuSi[ IS "negation of C,"

Theorem : (Abdallah-Halladay-K . 125) There does not exist a C2-spectrum ,
-IM ,

with M2 = MSpins & M - MSpu, such that

C2 · me induces a ring map on MSpi-

[ Eorollary: (MSpin) * MSpn & (MSpinih



IEANDERSON-BROWN-PETERSON SPLITTINGS

#theorycharacteristic classes : VieTi ,

7 je KO
° (BSO) such that :

I fac = res I & chi(ni) = Pi,
#: KU%(BSO) ·Chi(ni) = 0 , isj
-

P = [I= (i, , . . . . in) /k2,0 , in - , 3

Define E := m... Ko%BSO) ,

& = mi ...in E KU(BSO) .



Thoren: Anderson-BrownPeterson '67 , Stong'68) n==S Ieodd,
and ll) = Zie .

The there exist liftsI
I

ko(n] bu(4IF1]

?.. + 1 & 71
BSO Ko BSO- KU

#F

=
MSpin EMSpirnBSpinkonko(ne) Zukoni)

fI

usMSpirnBSpinkurku(41F1En ku(4/1



Theore: (Anderson-BrownPeterson 167 , Stong'68)7ZrEH*(MSpin : /2)

& ZEH
*(MSpS ; X/2) such that the maps

MSpin)RO(n]WHE
c (vfE)v(z) VRUCPID)wHT2& MSpin- IEPI

are 2- local equivalences .

All torsion is 2-torsion => computes MSpiny & MSpine

=> Classification of [MJERS above.

[Goal: Obtain an analogous splitting for MSpinim .



EVARIANCEOF THE ANDERSON-BROWN-PETERSON MAP

Theorem : (Abdallah-K.25) J Cequivariant map ,
-

I (Spin)(E) RUNGIBEHER,In SpBC
,
whose underlying map is the 2-local

splitting of MSpin" above.

Corollary : (Abdallah-K.25) 72-local splitting ,
-

hCz hC2[ MSpinhRUnFD ~EHT/2),(
of the homotopy fixed points of Real Spin bordism.



WATABOUT A GENUINE REFINEMENT?

To refine #F : BSpin
"
-> RuCHIID

to #F : BSpin-RupIlke,

factor ms ↓ ↑
BSO- ko(MI)

· II) even : n= = 4/11 =>> KOLPIED = RURLYIFDE
↑ ↓

= BSO- kur(PIIDe
· IFI odd : VI = 4/1)-2 boLTIID-kURLYlIe
+

=>
BSO-> ko(411-2)- kurHF1-2) .



&
Proposition : J a genue C2-spectrum,

II (
ko(4n-2) M

( q

knp4n,2) = · ↑ bolany

ku(un)-
8)

Pfi kuhn>nc-Rolin)-> Ro<in-2)-> kurkin,2792

Il ↓ G ↓
T ↓

Kurhunin-> kuhingh- bushingt . If
-

Proposition : The mapF : BSO -> ku(III) refines
-[to a genuine equivarant map BSO- ku4I1, 2) (11) odd)·



Future Work
-

① Does the Anderson-Brown-Peterson map refue to

a genuine equivariant map :

MSpin-Norkur(4/11)kur(2)-X ?

② If so, how close is it to being an equivalence?

-

THANKYOU FOR LISTENING !


