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Start with the

type of
oretation#assicalOrientations & K-theory espectrahave

E = cohonology theory
⑰beg-S
= spensionisomorphism :

[ Ev(X) = En
+

(s x)
"S-module"

↓

In teme of spectra : structure maps S'rEnFEn+
2 Ev(X) :

SieX S'vEn Ent
=>

E = multiplicative/rug spectrum

=> Ep-Eq Ep+q mult .

3 "D-algebra"
· s - En unit

1 ↳ multiplicative



111
=> S'rEn-E , Em

Es Enti

-
y

=> suspection isomorphism is multiplication by
a espectionclass 7 .

E'(S)
.

orientation =
generalization of suspension

class/isomorphism

$E24srX = Thom (i'xX)

t suspection class" for
nontrival (twisted) vector

Mxtgenus = integratoo I
i

bundles over X ?
of E-cohomology

MO classes on manifolds.
↳Thomas



Examplesin ordinary cohomology

·anyVectorbudteraaaThou

-

V = EOCh)YouR" ->BO(n) universal rank n v . b.

=> Thom class Int HY(MOCH) ; (2)

=> In : Mo(H) -+ (H(/2)n = k(x2 , n)

=> MO-He/2 "The fundamental
class "

· V- X oriented vector bundle
-

=Than isomorphism => 150 -> H2+ HR

"fundamental class".



#theory : KU , KO-don'thaveThomsonopheadus
· (Atiyah-Hirzebruck , Bott , ~1960]

Mu-> ke "Todd genus"

by constructing thom classes forax rector bundles wis

exterior bundles.

· (Atiyak-Bott-Shapiro , 63]
MSpin- Ko "A-genug"

C

M2 -> MSpin - Ke "Todd genug"

by constructing Thom classes via Clifford modules.

· [Atyah ,
'66] "Real" K-theory ,

KR = KUR

a C2-equivament cohomology theory.



Def : A sealobject in some category
2 is an object atC together withIC + Autyla). A Balmorphism is

a morphism of Real objects that commutes

with the Real structures.

WhyReal ? Fix I to be the complex

numbers with complex conjugation.

=ed DefAReal reefor space is a (spedrour)
-I complex rector space

with a complex conjugate
linear involution-

((2 -)
↳Smilarlynector brudle over a Real space.



Pe : KUr(X) = Groth - gp . of Real vobis on X.

leads to a Cz-equivalent cohomology theory KU-
↳ Kur = Ko , kurku

#m: (Atyak ,
'66) : Real nector budles have thouS classes in Klim-cohomology

↳ Thon spectrum of Real rector bundles ?

EU(h) x " + BU(n) universal complex bundle
u(n)

W
G natura Real structure.

C2 C2
=> universal Real v . b .

= & MH(h) => Caspectrum Meli = Real-
bordism

CLandweber, late '60s ; Araki , late 70's i) -Hu-kriz
,
~2000

& I ring Merkl
map



#-theoryoretations

USA -Ko = Kei
/Ex : Joachm

M - MSpu- Kee = ke
KURMEM
: Hurkriz

Further, all known oretations are Ex
,

so want factor through Ex-maps.
-

Eviduel
-> [Atyah , '67] Idea : Real version of spir?

RR = C2-representation

= &C(rP9) via
universal property

=> 28 K(RP9) extending
- via complex corj

Ul comment relation to ABS isomorphism with MAKUR.



=> C & Spinp 19) "Real group"

Thr : (Atyah) G+ Spu (p .9) Real homonophise
-&=> KUrg(X) KUr(axX) ,Eg mod 8
↳ "equivariant Bott perodicity"
↳ Contains all Kothy the ison's as special cases.

e.g .. Spin (8n) < Spin8m ,0
with trial
C2-action

=> KOspecon(P) = KOsensor (i*P)
12

12

KO(B) = KO (iron(suP)

· U(n) Spn(hin) C2-equivanant.



Mathu: (Halladay - K) F C2-Ex-ring spectrum

Uspinik (Resonbordism) ·

S
. t -

(1) Usiu" = [Spni)13
(2) 7 Eo-map MSpin--(MSpini)

(3a)
I
(3) FC-Es-maps MUrTMSpriker

↑
↳Becomesother onetatus
aspin orientation

(1) + (3) =) MSpu-Klactureon side board :

(2) + (3) = MSpn + KO Mspn- ko

↓ 13

compose (3) = MUr - KUr InSpin)- (KUir)
↓ ↓

MUR-> MSPhi-Kir



-Proof daa tan
+ (3b) : Follow Joachi & equip everything

with Real structures.
commutative monad in

(C2-Ex-ring Spectrum)Corthogonal C2-spectra (
-

↳ (R+ ELRNa) ca-space]
ESpn(p .q) = Ued(i) L(49) (
-> Mspupa) = Thou (ESPU" (41q) <spirRP

-9)

KUR(pq) = C(5 Decra) Okipa (
Laparov : originally developed KK with Real structure.

↳ along / Bott penodicity ~Atiyah's

·(2) : Follow directly from the construction & Kuper .

· (3a) return if time.



exedpointsofUsina SimilRall :

13 M
Spinin)

(2) usin=-Mspina
wh Tres

zuspu)

Tim: (Halladay - K) Any we factoring me

is not an equivalence . (G)

/Th
: Abdallah-Halladay -FI e
Usin (Mspur) (A)



-roof(4) : MSpinic = (geoire) C2-spectrum

=> homotopy Mackey fructor EMSpli has data :

res

assumewMSpin- TIMSpin8C2-

Is an equiv. tr
12

↳ 12
U

-
MSP*MSpine@c = ()

tr

=pety of Mackey freefors : 2+ 2 = u(tr().[
the map that views a son" manfold as a spir manifold)
-

=> C+ zeMspins can be repid by a spir manifold

=> Ak+ 2) + 7) , FaeMSpinE (A)

(CP3]eMSpunG /A(((p2]) =
- &

A((P2] + (2) = nET) => (4) = y + n



MSpic a C2-reg Spectrum - 1) a rig map.

Consider [CIPI]EMSpins

A(((2+12)= X

-

RemarksProof doescotdepend on seaa

The # C2-ring spectrum with underlying rug spectrumIUsin & fixed ports Mspin.

② Mspin's constructed as a genuine C2-spectrum,

but Cadspin") = C & MSPU = (uSpui)!
Our results apply to both MSphin & -

& Mspi =uspinh ?



ofofBaliMineis equivament

free o E vO free
The give

Espirin ,n)

=> C2-spectrum Me with underlying MI
↓&
uspus. Just need MUR =MUR

Follows from

Lemma : (Halladay - K) X
,
Y Real U(n) - spaces with

-

XOU) freely ,
the[ (uniY) = X* Xan ,Y

Proof uses that symmetre unitary matures
have symmetre

unitary square roots.

(BIW : U(n) is an "algebraically closed" group ! ) /


